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Abstract
In this paper we present the generalization of Chern-Simons-like theories of
gravity (CSLTG) to spin-3. We propose a Lagrangian describing the spin-3
fields coupled to Chern-Simons-like theories of gravity. Then we obtain
conserved charges of these theories by using a quasi-local formalism. We
find a general formula for entropy of black holes solutions of Spin-3
CSLTG. As an example, we apply our formalism to the spin-3 Generalized
minimal massive gravity (GMMG) model. We analysis this model at
linearized level and show that this model propagate two massive spin-2
modes and two massive spin-3 modes. We find no-ghost and no-tachyon
conditions, which can be satisfy in the parameter space of the model. Then
we find energy, angular momentum and entropy of a special black hole
solution of this model.
1 Introduction
We know that 3-dimensional gravity is the simplest model for studying grav-
itational dynamics. However since it has rich physics in both classical [1] and
quantum versions [2, 3]. So there are many motivations for studying gravity
in 3 dimensions. By this study we can address conceptual issues of quan-
tum gravity, investigate black hole evaporation, information loss, and black
hole microstate counting. Also we can understand the black hole hologra-
phy deeper. Gauge gravity duality can be extend to the beyond standard
AdS/CFT [4], such as warped AdS, asymptotic Schrodinger/Lifshitz, non-
relativistic CFTs, flat space holography, logarithmic CFTs, and higher spin
gravity, which last topic is the subject of this paper.
It is well known that Einstein-Hilbert action in the presence of negative cos-
mological constant in 3-dimension can be reformulated as a Chern-Simons
theory with gauge group SO(2, 2) ∼ SL(2,R)× SL(2,R) [5, 2]. Similarly, a
1E-mail: rezakord@ipm.ir
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SL(3,R)×SL(3,R) Chern-Simons theory with the following action describes
a three dimensional spin-3 gravity theory [6, 7] ,
SEH = SCS [A
+]− SCS [A−], (1)
where
SCS [A] =
l
8πG
∫
tr
{
A ∧ dA+ 2
3
A ∧A ∧A
}
, (2)
where l2 > 0 corresponds to a negative cosmological constant, and G is New-
ton’s constant. In the other hand, there is a class of gravitational theories
in (2+1)-dimension (e.g. Topological massive gravity (TMG) [8], New mas-
sive gravity (NMG)[9], Minimal massive gravity (MMG) [10], Generalized
minimal massive gravity (GMMG) [11], etc), called the Chern-Simons-like
theories of gravity [12]. 3 The authors of [14] have done the generalization
of topologically massive gravity to higher spins, specifically spin-3 (see also
[15]). In this paper we propose an Lagrangian describing the spin-3 fields
coupled to Chern-Simons-like theories of gravity, then we obtain conserved
charges of black hole solutions of these theories by using a quasi-local for-
malism. In previous paper we have obtained conserved charges of spin-3
topologically massive gravity by this method [16]. In ref. [17] the energy
of the higher spin black hole solutions of ordinary higher spin gravity has
obtained by canonical formalism (see also [18]).
The authors of [19] have obtained the quasi-local conserved charges for black
holes in any diffeomorphically invariant theory of gravity. By considering
an appropriate variation of the metric, they have established a one-to-one
correspondence between the ADT approach and the linear Noether expres-
sions. They have extended this work to a theory of gravity containing a
gravitational Chern-Simons term in [20], and have computed the off-shell
potential and quasi-local conserved charges of some black holes in TMG.
Our paper is organized as follows. In section 2 we summarize some relevant
aspects of spin-3 gravity in three dimensions in the first order formalism. In
section 3 we introduce our Lagrangian for spin-3 fields coupled to Chern-
Simons-like theories of gravity, which is an extension of the ordinary Chern-
Simons-like theories of gravity. One can obtain the spin-3 TMG as a special
case of our generic Lagrangian. In section 4 we find the conserved charges
of the spin-3 Chern-Simons-like theories of gravity by quasi-local formalism.
By using this formalism, one can obtain conserve charges of solutions that
are not asymptotically (A)dS. Then in section 5, we consider a black hole
solution of the Spin-3 CSLTG. After that, using general formula we obtained
3Recently, further clarifications on models in 3D are also collected in the book [13].
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for conserved charges, we find a general formula for entropy of black holes
solutions of Spin-3 CSLTG. In section 6 we consider spin-3 generalized min-
imal massive gravity (Spin-3 GMMG) as an example of the Spin-3 CSLTG.
In subsection 6.1 we obtain a class of solutions for this model. In subsection
6.2, we do a linear analysis of spin-3 GMMG. We show that this model has
two massive spin-2 modes and two massive spin-3 modes. We will obtain the
quadratic Lagrangian for the fluctuations about AdS3 vacuum with vanish-
ing spin-3 field. Then from quadratic Lagrangian L(2), we find the no ghost
conditions for spin-2 and spin-3 modes. Also, we will show that no-tachyon
condition is |lmI | ≥ 1. Then in section 7 we find energy, angular momentum
and entropy of a special black hole solution of Spin-3 GMMG. In this case, if
we set e abµ = ω
ab
µ = 0, our entropy formula reduces to the entropy formula
in the ordinary GMMG which is obtained in the paper [21]. Also in the
limiting case α = 0 , m2 → ∞, where Spin-3 GMMG model reduce to the
spin-3 TMG model, our results for energy, angular momentum and entropy
reduce to the corresponding results in the spin-3 TMG [16]. Section 8 is
devoted to conclusions and discussions.
2 Spin-3 gravity in three dimensions
In this section, we summarize some relevant aspects of spin-3 gravity in three
dimensions in the first order formalism. In this frame work, spin-3 gravity
can be describes by generalized dreibein and generalized spin-connection and
they which take values in the Lie algebra sl(3,R) as follows, respectively
[22, 23]:
e = eµ
AJAdx
µ = (eµ
aJa + eµ
abTab)dx
µ, (3)
ω = ωµ
AJAdx
µ = (ωµ
aJa + ωµ
abTab)dx
µ
ab, (4)
where JA denotes the generators of sl(3,R) algebra, A = 1, . . . , 8, a, b =
1, 2, 3, and Tab are symmetric and trace-less in the Lorentz indices. The
algebra sl(3,R) have eight generators so in the above equations A = 1, . . . , 8
(Appendices contain more technical details). Translating the frame-like for-
malism to the metric-like formalism given by the following transformations
[24]
gµν =
1
2!
tr(e(µeν)), (5)
ϕµνλ =
1
3!
tr(e(µeνeλ)). (6)
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The spacetime metric gµν and the spin-3 field ϕµνλ both are invariant under
the following Lorentz-like gauge transformation
e˜µ = LeµL
−1, (7)
where L ∈ SL(3,R) and we can write L = exp (λ), where λ is the generator
of Lorentz-like transformation and it is a sl(3,R) Lie algebra valued quantity,
λ = λAJA = λ
aJa + λ
abTab. (8)
The exterior covariant derivative define as
Dµeν = ∂µeν + [ωµ, eν ], (9)
and under Lorentz-like transformations the generalized spin-connection trans-
forms as
ω˜ = LωL−1 + LdL−1, (10)
where d denotes the ordinary exterior derivative. One can define the total
derivative as follows:
D(T )µ eν = ∂µeν + [ωµ, eν ]− Γλµνeλ, (11)
where Γλµν is Affine connection. The metric-connection compatibility con-
dition ∇λgµν = 0 leads to the D(T )µ eν = 0. Generalized torsion 2-form and
generalized curvature 2-form are defined as
T = eλΓλµνdxµ ∧ dxν = De, (12)
R = dω + ω ∧ ω , (13)
respectively. Also, the ordinary Lie derivative of dreibein along a curve
generated by the vector filed ξ, £ξe = iξde+ diξe,
4. can be generalized so
that it becomes covariant under Lorentz-like transformations
Lξe = £ξe+ [λξ, e], (14)
for this purpose, the generator of Lorentz-like gauge transformation λξ must
transforms as
λ˜ξ = LλξL
−1 + L£ξL
−1, (15)
under Lorentz-gauge transformation. In this way, under generalized local
translations we have
δξe = Lξe, (16)
4Where iξ denotes interior product in ξ
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δξω = Lξω − dλξ, (17)
and this two equations are covariant under the Lorentz-like gauge transfor-
mations as well as diffeomorphisms.
We have introduced λ to be the generator of Lorentz-like gauge transfor-
mation (See Eq.(8)). In the equation (7), λ is just an arbitrary function of
coordinates. It is easy to see that the ordinary Lie derivative of a Lorentz-
like invariant quantity, say e, is not Lorentz-like covariant. On the other
hand, the change of e under Lorentz-like gauge transformation is given by
Eq.(16). It was shown that by combining the change due to infinitesimal
Lorentz-like gauge transformation with ordinary Lie derivative one can de-
fine generalized Lie derivative (14) which is Lorentz-like covariant provided
that λ transforms as (15) under Lorentz-like gauge transformation. Simply
one can see form Eq.(15) that the change of λ , under infinitesimal Lorentz-
like gauge transformation, is given by δλ = −£ξλ. So, we expect that λ
to be also a function of ξ, i.e. λ = λξ(x). Another reason for this comes
from the fact that we set total variation due to ξ equal to generalized Lie
derivative with respect to ξ and λξ is obliged to generate variation due to ξ
(See Eq.(16)). Thus, in the formalism presented in this paper, λ should be
a function of coordinates and of ξ.
The following action describes a three dimensional spin-3 gravity theory
SEH =
1
16π
∫
tr
{
e ∧R+ 1
3l2
e ∧ e ∧ e
}
. (18)
The field equations come from above action are
T (Ω) = 0, R(Ω) + 1
l2
e ∧ e = 0, (19)
where ω = Ω is torsion-free spin-connection.5
3 Spin-3 Chern-Simons-like theories of gravity
The ordinary Chern-Simons-like theories of gravity are investigated in some
papers, for instance see [12, 9, 10, 11]. These type of theories are an extension
of general relativity in 3D which is a gauge theory ( to know more about
5Torsional extension of Einstein’s GR in 3D have been considered in [25], also rotating
black hole solutions in a generalized topological 3D gravity with torsion, have analyzed in
[26].
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gauge-theoretic approach to gravity see [27]). The ordinary Chern-Simons-
like theories of gravity can be generalize to spin-3 one (Spin-3 CSLTG) by
the following Lagrangian
L = tr{1
2
g˜rsa
r ∧ das + 1
3
f˜rsta
r ∧ as ∧ at}, (20)
where ar = arAµJAdx
µ are sl(3,R) Lie algebra valued one-forms and r =
1, ..., N refers to flavour index. Also, g˜rs is a symmetric constant metric on
the flavour space and f˜rst is a totally symmetric ”flavour tensor” which is
interpreted as the coupling constant. We take ar = {e, ω, h, · · · }, where h is
an auxiliary field and so on. For all of our interesting spin-3 Chernn-Simons-
like theories of gravity we have f˜ωrs = g˜rs. If one sets a
rab
µ = 0 and uses
Eq.(85) the Lagrangian (20) will be reduced to the Lagrangian of ordinary
Chern-Simons-like theories of gravity.
The arbitrary variation of this Lagrangian given by
δL = tr{δar ∧ Er}+ dΘ(a, δa), (21)
where
Er = g˜rsda
s + f˜rsta
s ∧ at, (22)
and
Θ(a, δa) = tr{1
2
g˜rsδa
r ∧ as}. (23)
The equations of motion of these theories are Er = 0 and Θ(a, δa) is sur-
face term. By considering equations (16) and (17), under generalized local
translations, ar transforms as
δξa
r = Lξa
r − δrωdλξ, (24)
where δrω Kronecker delta. If we take the non-zero components of the flavour
metric and the flavour tensor as
g˜eω = −σ, g˜eh = 1, g˜ωω = 1
µ
,
f˜eωω = −σ, f˜ehω = 1, f˜ωωω = 1
µ
, f˜eee = Λ,
(25)
the Spin-3 CSLTG reduce to spin-3 topologically massive gravity (Spin-3
TMG) which is investigated at the linearized level in the papers [14, 15]. In
paper [16] we have obtained conserved charges of this model.
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4 Quasi-local conserved charges
In this section we want to find the conserved charges of the spin-3 Chern-
Simons-like theories of gravity. Since e, ω and auxiliary fields appeared in
CSLTG are invariant under general coordinates transformation it is clear
that the Lagrangian of CSLTG (20) is invariant under general coordinates
transformation. Now we recall that under general Lorentz-like gauge trans-
formation e and ω transform as (7) and (10), respectively. Also it is easy
to check that under general Lorentz-like gauge transformation generalized
curvature 2-form (13) and generalized torsion 2-form (12) transform as
R˜ = LRL−1 and T˜ = LT L−1. Therefore it is inferred that three dimen-
sional spin-3 gravity theory described by action (18) is a covariant theory
under general Lorentz-like gauge transformation. Also, it is clear that equa-
tions of motion of spin-3 gravity theory, Eq.(19), are covariant under general
Lorentz-like gauge transformation. Nevertheless, there may be exist theories
which are not covariant under general Lorentz-like gauge transformation. In
other words, theories described by the Lagrangian (20) may contain terms
that can break covariance under general Lorentz-like gauge transformation.
Spin-3 Topologically Massive Gravity term, 12µ tr
(
ω ∧ dω + 23ω ∧ ω ∧ ω
)
, is
an example of such terms. This term is appeared in the spin-3 Topologi-
cally Massive Gravity [14, 15, 16] and in spin-3 generalized minimal massive
gravity which will be introduced in section 6. Under generalized local trans-
lations, the Lagrangian (20) transforms as
δξL = LξL+ dψξ , (26)
where
ψξ = tr{1
2
g˜ωrdλξ ∧ ar}. (27)
which is equivalent to the statement that a symmetry is a transformation
which leaves the Lagrangian form invariant, up to a total derivative. De-
spite the fact that a Lagrangian is not invariant under general Lorentz-like
gauge transformation, if a Lagrangian behaves like (26) under generalized
local translations, then ξ could be a symmetry generator. Although the
Lagrangian (20) is not invariant under general Lorentz-like gauge trans-
formation, but by virtue of equations (26) and (27), it is invariant under
the infinitesimal Lorentz-like gauge transformation. Also, it is enough in
obtaining generally covariant equations of motion that Lagrangian behaves
like (26) under generalized local translations. Now, we consider the variation
of Lagrangian with respect to generalized local translations
δξL = tr{δξar ∧ Er}+ dΘ(a, δξa), (28)
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Comparing Eq.(26) with Eq.(28) leads to the following relation
d (Θ(a, δξa)− iξL− ψξ) = −tr{δξar ∧ Er}. (29)
We can rewrite Eq.(24) as
δξa
r′ = Diξa
r′ + iξDa
r′ + [(λξ − iξω), ar′ ],
δξω = iξR−D(λξ − iξω),
(30)
where the prime on r indicates that the sum run over all the flavour indices
except ω. Now, we substitute equations (30) into Eq.(25) and we find that
dJξ =− tr{(λξ − iξω)(DEω + ar′ ∧ Er′ − Er′ ∧ ar′)}
+ tr{iξar′DEr′ − iξDar′ ∧Er′ − iξR∧ Eω},
(31)
where Jξ is given by
Jξ = Θ(a, δξa)− iξL− ψξ + tr{iξarEr − λξEω}. (32)
We expect that the last line in Eq.(31) can be rewritten as
tr{iξar′DEr′ − iξDar′ ∧ Er′ − iξR ∧Eω} = tr{iξar′Xr′(a)}, (33)
see [16] for the Spin-3 TMG case. In order to have an off-shell conserved
current Jξ we must have
DEω + a
r′ ∧ Er′ − Er′ ∧ ar′ = 0, Xr′(a) = 0. (34)
These equations give us the Bianchi identities and they reduce to the fol-
lowing one for the Spin-3 TMG model [16]
DR = 0,
DT + e ∧R−R∧ e = 0. (35)
In this way, through the Bianchi identities, Jξ is conserved off-shell, i.e.
dJξ = 0. Accordingly, by virtue of Poincare lemma, we find that
Jξ = dKξ, (36)
where Kξ is given by
Kξ = tr{1
2
g˜rsiξa
ras − g˜rωλξar}. (37)
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It is straightforward to show that under generalized local translations, Θ(a, δa)
transforms as
δξΘ(a, δa) = LξΘ(a, δa) + Πξ, (38)
where
Πξ = tr{1
2
g˜rωdλξ ∧ δar}. (39)
By taking arbitrary variation from the equation (36) and using Eq.(32) we
have
d (δKξ − iξΘ(a, δa)) =tr{δar ∧ iξEr + iξarδEr − λξδEω}
+ δΘ(a, δξa)− δξΘ(a, δa),
(40)
where we have used the relation Πξ = δψξ in the last step of calculation.
On the other hand, if we demand that ξ be a Killing vector field admitted
by the whole of spacetime, we have the following configuration space result
given in [28]
δΘ(a, δξa)− δξΘ(a, δa) = 0, (41)
then the right hand side of the equation (40) is the off-shell ADT current
JADT = tr{δar ∧ iξEr + iξarδEr − λξδEω}. (42)
By substituting the components of the flavor metric and flavour tensor from
Eq.(25) into above equation, current JADT reduces to the off-shell ADT
current appearing in the Spin-3 TMG[16]. By demanding the field equations
Er = 0, and the linearized field equations δEr = 0, the right hand side of
the equation (40) is simply the symplectic current
Ωsymplectic(a, δa, δξa) = δΘ(a, δξa)− δξΘ(a, δa). (43)
Hence, it seems reasonable to generalize the off-shell ADT current so that
it becomes conserved when spacetime admits ξ as an asymptotically Killing
vector field rather than a Killing vector field admitted by the whole of space-
time. So, we can define generalized off-shell ADT current as
J˜ADT = JADT +Ωsymplectic. (44)
As mentioned above, this generalized off-shell ADT current reduces to the
ordinary one when ξ is a Killing vector field admitted by the whole of space-
time and it reduces to the symplectic current when Er = δEr = 0, and ξ is
an asymptotically Killing vector field. By substituting Eq.(44) into (40) we
have
J˜ADT = d (δKξ − iξΘ(a, δa)) , (45)
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so, it is obvious that the generalized off-shell ADT current is conserved for
Killing vectors which are admitted by the whole of spacetime and asymp-
totically Killing vectors. Hence we can define generalized off-shell ADT
conserved charge as
Q˜ADT (a, δa; ξ) = δKξ − iξΘ(a, δa), (46)
for which J˜ADT = dQ˜ADT . Now, in the manner of papers [19, 20], we define
quasi-local conserved charge corresponds to an asymptotically Killing vector
field ξ as
Q(ξ) =
1
8π
∫ 1
0
ds
∫
Σ
Q˜ADT (a|s), (47)
where Σ denotes an arbitrary codimension two space-like surface and inte-
gration with respect to s runs over an one-parameter path in the solution
space, where s = 0 and s = 1 are correspond to the background solution
and the interested solution, respectively.
By substituting the explicit forms of Kξ and Θ(a, δa) into Eq.(47) we find
that
Q(ξ) =
1
8π
∫ 1
0
ds
∫
Σ
tr{(g˜rsiξas − g˜rωλξ)δar}. (48)
The advantage of this formalism is that it is applicable to solutions that
are not asymptotically (A)dS. Assuming that (δ1δ2− δ2δ1)ar = 0, it is clear
that the conserved charge (48) has to satisfy the integrability condition
(δ1δ2 − δ2δ1)Q(ξ) = 0 [28]. Hence, the result of Eq.(48) does not depend on
the given path on the solution space.
5 A general formula for the entropy of black holes
Let us consider a black hole solution of the Spin-3 CSLTG. We take the
codimension two surface Σ to be the bifurcate surface B. Suppose that ξ
is the Killing vector field which generates the Killing horizon, so we must
set ξ = 0 on B.6 Since Eq.(48) is conserved for Killing vectors which are
admitted by the whole of spacetime and for asymptotically Killing vectors,
so we can use Eq.(48) to find the entropy of black holes in the context of con-
sidered theory as a conserved charge corresponds to the Killing vector field
6 Here, we consider stationary black hole solutions and we assume that the event horizon
of considered black hole is a non-degenerate Killing horizon. As we know, a cross-section
of non-degenerate Killing horizon is bifurcate surface where ξ = 0.
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which generates the Killing horizon. Thus, the conserved charge expression
(48) reduces to
Q(ξ) = − 1
8π
∫ 1
0
ds
∫
B
tr{g˜rωλξδar}. (49)
Now, we take s = 0 and s = 1 correspond to the considered black hole
space-time and the perturbed one respectively. Thus, the equation (48)
becomes
δQ(ξ) = − 1
8π
g˜rω
∫
B
tr{λξδar}. (50)
Since λξ do not depends on fields at all, we obtain
Q(ξ) = − 1
8π
g˜rω
∫
B
tr{λξar}. (51)
By demanding that the generalized Lie derivative of generalized dreibein
vanishes explicitly when ξ is a Killing vector field, one can find an expression
for λξ [16]
λξ = iξω +
1
2
[eν ,Dν(iξe) + (iξT )ν ]. (52)
One can use Eq.(7) and Eq.(10) to show that Eq.(52) satisfy the transfor-
mation property (15). It was shown that Eq.(52) reduces to [16]
λξ =
κ√
gφφ
eφ, (53)
on bifurcate surface B, where κ is surface gravity. By substituting Eq.(53)
into Eq.(51), we can define the entropy of considered black hole solution as
S =
8π
κ
Q(ξ) = −g˜rω
∫
B
dφ√
gφφ
tr{eφarφ}. (54)
6 Spin-3 generalized minimal massive gravity
In this section, we introduce spin-3 generalized minimal massive gravity then
we analysis it at linearized level.
6.1 The Model
We consider spin-3 generalized minimal massive gravity (Spin-3 GMMG)
as an example of the Spin-3 CSLTG. The ordinary generalized minimal
massive gravity have studied originally in [11]. The generalized minimal
11
massive gravity theory is realized by adding the CS deformation term, the
higher derivative deformation term, and an extra term to pure Einstein grav-
ity with a negative cosmological constant. In [11] it is discussed that this
theory is free of negative-energy bulk modes, and also avoids the aforemen-
tioned “bulk-boundary unitarity clash”. By a Hamiltonian analysis one can
show that the GMMG model has no Boulware-Deser ghosts and this model
propagate only two physical modes. In this model, there are four flavours of
Lie algebra valued one-form ar = {e, ω, h, f} and the non-zero components
of the flavour metric and the flavour tensor are
g˜eω = −σ, g˜eh = 1, g˜fω = − 1
m2
, g˜ωω =
1
µ
,
f˜eωω = −σ, f˜ehω = 1, f˜fωω = − 1
m2
, f˜ωωω =
1
µ
,
f˜eee = Λ0, f˜ehh = α, f˜eff = − 1
m2
.
(55)
Thus, equations of motion (22) reduce to
− σR(ω) + Λ0e ∧ e+D(ω)h+ αh ∧ h− 1
m2
f ∧ f = 0,
− σT (ω) + 1
µ
R(ω) + e ∧ h+ h ∧ e− 1
m2
D(ω)f = 0,
R(ω) + e ∧ f + f ∧ e = 0,
T (ω) + α(e ∧ h+ h ∧ e) = 0.
(56)
It is clear that the Spin-3 GMMG is not a torsion-free theory, but by redefi-
nition of generalized spin-connection, as ω = Ω−αh, we make it torsion-free,
in this case we have
R(ω) = R(Ω)− αD(Ω)h+ α2h ∧ h,
D(ω)f = D(Ω)f − α(h ∧ f + f ∧ h), (57)
then equations of motion (56) can be rewritten as
− σR(Ω) + Λ0e ∧ e+ (1 + ασ)(D(Ω)h − αh ∧ h)− 1
m2
f ∧ f = 0, (58)
R(Ω)− αD(Ω)h+ α2h ∧ h+ µ(1 + ασ)(e ∧ h+ h ∧ e)
− µ
m2
D(Ω)f +
µα
m2
(f ∧ h+ h ∧ f) = 0, (59)
R(Ω)− αD(Ω)h + α2h ∧ h+ e ∧ f + f ∧ e = 0, (60)
12
T (Ω) = 0. (61)
Now, we want to find some solutions of the considered model. For this
purpose, we consider the following ansatz for h and f
h = βe, f = γe, (62)
where e is generalized dreibein and β and γ are constants. By substituting
Eq.(62) into equations (58)-(60) we have
− σR(Ω) +
(
Λ0 − α(1 + ασ)β2 − γ
2
m2
)
e ∧ e = 0,
R(Ω) +
(
α2β2 + 2µ(1 + ασ)β +
2µα
m2
βγ
)
e ∧ e = 0,
R(Ω) + (α2β2 + 2γ) e ∧ e = 0.
(63)
By comparing these equations with Eq.(19) we find that
Λ0 − α(1 + ασ)β2 − γ
2
m2
= − σ
l2
, (64)
α2β2 + 2µ(1 + ασ)β +
2µα
m2
βγ =
1
l2
, (65)
α2β2 + 2γ =
1
l2
. (66)
In this way, all solutions of the spin-3 gravity (for instance, see [29, 30,
31]) are solutions of the Spin-3 GMMG when β, γ and parameters of the
considered model satisfy equations (64)- (66). From equations (64)-(66), one
finds that
l2± =
[
α2β2 + 2σm2 ± 2
√
m2 (σ2m2 − αβ2 + Λ0)
]−1
, (67)
γ± = σm
2 ±
√
m2 (σ2m2 − αβ2 + Λ0), (68)
where β should be satisfy following quartic equation
− Λ0m4 + 2µm2
[
αΛ0 − σm2(1 + ασ)
]
β
+
[
µ2m2(1 + ασ)(1 + 3ασ) + α
(
m4 − αµ2Λ0
)]
β2
− 2µα2m2β3 + µα3β4 = 0.
(69)
We have following conditions on roots of quartic equation (69)
β2 ≤ α−1 (σ2m2 + Λ0) for α > 0,
β2 ≥ α−1 (σ2m2 + Λ0) for α < 0, (70)
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which ensure that l2 and γ are real. It should be noted that β and γ could
not be complex numbers because they are appear in the energy, angular
momentum and entropy experssions (see equations (114), (117) and (120)).
6.2 Linearized Analysis
The Lagrangian of spin-3 GMMG up to a surface term can be written as
Lspin-3 GMMG = tr
{
− σe ∧R(ω) + Λ0
3
e ∧ e ∧ e+ h ∧ T (ω)
+ αe ∧ h ∧ h+ 1
2µ
(
ω ∧ dω + 2
3
ω ∧ ω ∧ ω
)
− 1
m2
(f ∧R(ω) + e ∧ f ∧ f)
}
.
(71)
We suppose that the background generalized dreibein and torsion-free gen-
eralized spin-connection are given by e¯ and Ω¯ respectively, where e¯µ
ab = 0
and Ω¯µ
ab = 0.7 Also, e¯µ
a and Ω¯µ
a describe AdS3 vacuum. Then we can
take h¯ = βe¯ and f¯ = γe¯, where β and γ are just constant parameters, and
these solve equations of motion (58)-(61) provided that equations (64)-(66)
are satisfied. Therefore, we have
D(Ω¯)e¯ = 0, R(Ω¯) + 1
l2
e¯ ∧ e¯ = 0. (72)
We now expand e, ω, h and f about the background as follows:
e = e¯+ εˆu, Ω = Ω¯ + εˆv
h = β(e¯+ εˆu) + εˆw, f = γ(e¯+ εˆu) + εˆz
(73)
where εˆ is a small expansion parameter. By substituting these expressions
into the Lagrangian (71), and using (64)-(66) which vanish the linear term
in the expansion of the Lagrangian, we find that the quadratic Lagrangian
7Refer to [10, 32] to see such analysis for minimal massive gravity, and new version
of generalized zwei-dreibein gravity, respectively. See also [14, 15] for spin-3 topologically
massive gravity.
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for the fluctuations u, v, w and z is given by
L(2) = tr
{
1
2µl2
u ∧ D¯u+ 1
2µ
v ∧ D¯v −
(
σ +
αβ
µ
+
γ
m2
)
u ∧ D¯v + α
2
2µ
w ∧ D¯w
+
(
1 + ασ +
α2β
µ
+
αγ
m2
)
u ∧ D¯w − α
µ
v ∧ D¯w − 1
m2
v ∧ D¯z
+
αβ
m2
u ∧ D¯z + α
m2
z ∧ D¯w −
(
σ
l2
+
αβ
µl2
+
2γ2
m2
)
e¯ ∧ u ∧ u
−
(
σ +
αβ
µ
+
γ
m2
)
e¯ ∧ v ∧ v + 1
µl2
(e¯ ∧ u ∧ v + e¯ ∧ v ∧ u)
− α
(
1 + ασ +
α2β
µ
+
αγ
m2
)
e¯ ∧ w ∧ w − α
µl2
(e¯ ∧ u ∧ w + e¯ ∧ w ∧ u)
+
(
1 + ασ +
α2β
µ
+
αγ
m2
)
(e¯ ∧ v ∧ w + e¯ ∧ w ∧ v)
+
αβ
m2
(e¯ ∧ v ∧ z + e¯ ∧ z ∧ v)− 1
m2l2
(e¯ ∧ u ∧ z + e¯ ∧ z ∧ u)
}
(74)
where D¯ = D(Ω¯). One can extracts the linearized equations of motion from
the Lagrangian (74), or equivalently, one can uses Eq.(73) to linearize the
equations of motion (58)-(61), and then we will have
D¯u+ (e¯ ∧ v + v ∧ e¯) = 0,
D¯v +
1
l2
(e¯ ∧ u+ u ∧ e¯) +
[
1 + ασ − αγ
m2
]
(e¯ ∧ z + z ∧ e¯) = 0,
D¯w − αβ (e¯ ∧ w + w ∧ e¯) +
[
σ − γ
m2
]
(e¯ ∧ z + z ∧ e¯) = 0,
D¯z +
[
m2
µ
− αβ
]
(e¯ ∧ z + z ∧ e¯)−m2
[
1 + ασ +
αγ
m2
]
(e¯ ∧w + w ∧ e¯) = 0.
(75)
Now, we introduce following transformations from (u, v, w, z) to new Lie
algebra valued one-form fluctuations (q+, q−, q1, q2):
u =B+q+ +B−q− +B1q1 +B2q2,
v =m+B+q+ +m−B−q− +m1B1q1 +m2B2q2,
w =C1B1q1 + C2B2q2,
z =F1B1q1 + F2B2q2,
(76)
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where (B+, B−, B1, B2) are arbitrary constants and (m+,m−,m1,m2) are
given by
m+ =
1
l
, m− = −1
l
m1 =
m2
2µ
− αβ +
[
m4
4µ2
+ γ +
αγ2
m2
− (1 + ασ)m2σ
] 1
2
,
m2 =
m2
2µ
− αβ −
[
m4
4µ2
+ γ +
αγ2
m2
− (1 + ασ)m2σ
] 1
2
,
(77)
also,
C1 =
(
m21 − 1l2
)
(m2 + αβ)
m2
[
(1 + ασ)2 − ( αγ
m2
)2] , C2 =
(
m22 − 1l2
)
(m1 + αβ)
m2
[
(1 + ασ)2 − ( αγ
m2
)2] ,
F1 =
(
m21 − 1l2
)
[
1 + ασ − αγ
m2
] , F2 =
(
m22 − 1l2
)
[
1 + ασ − αγ
m2
] .
(78)
By using the transformations (76) we can diagonalize the linearized equa-
tions (75) as follows
D¯q+ +m+ (e¯ ∧ q+ + q+ ∧ e¯) = 0,
D¯q− +m− (e¯ ∧ q− + q− ∧ e¯) = 0,
D¯q1 +m1 (e¯ ∧ q1 + q1 ∧ e¯) = 0,
D¯q2 +m2 (e¯ ∧ q2 + q2 ∧ e¯) = 0.
(79)
In this manner, we can expect that the transformations (76) diagonalize the
Lagrangian (74). So we can rewrite the Lagrangian (74) in the diagonalized
form, in terms of new Lie algebra valued 1-form fields,
−L(2) = tr
{[
σ +
αβ
µ
+
γ
m2
− 1
µl
]
B2+m+
(
q+ ∧ D¯q+ +m+e¯ ∧ q+ ∧ q+
)
+
[
σ +
αβ
µ
+
γ
m2
+
1
µl
]
B2−m−
(
q− ∧ D¯q− +m−e¯ ∧ q− ∧ q−
)
+B21B˜1m1
(
q1 ∧ D¯q1 +m1e¯ ∧ q1 ∧ q1
)
+B22B˜2m2
(
q2 ∧ D¯q2 +m1e¯ ∧ q2 ∧ q2
)}
,
(80)
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where
B˜1 =− 1
2µ
m1 +
(
σ +
αβ
µ
+
γ
m2
)
+
αC1
µ
+
F1
m2
− 1
2µl2m1
− α
2C21
2µm1
−
(
1 + ασ +
α2β
µ
+
αγ
m2
)
C1
m1
− αβF1
m2m1
− αF1C1
m2m1
,
B˜2 =− 1
2µ
m2 +
(
σ +
αβ
µ
+
γ
m2
)
+
αC2
µ
+
F2
m2
− 1
2µl2m2
− α
2C22
2µm2
−
(
1 + ασ +
α2β
µ
+
αγ
m2
)
C2
m2
− αβF2
m2m2
− αF2C2
m2m2
.
(81)
The two first terms in the Lagrangian (80) can be written in the form of the
difference of two linearized SL(3, R) Chern-Simons 3-forms, so the q± fields
have no local degrees of freedom for spin-2 and spin-3 fields. Then, each
of two last terms in the Lagrangian (80) describes a single spin-2 massive
mode and a single trace-less spin-3 massive mode. So spin-3 GMMG model
propagate 2 massive graviton modes and 2 massive spin-3 modes. The mas-
sive modes are not ghosts as long as B˜1 and B˜2 are both positive definite.
Now, we want to find the mass of spin-2 and spin-3 fields appeared in this
model. To this end, using Eq.(73) and Eq.(76), we write
e = e¯+ εˆ
∑
I
BIqI , (I = +,−, 1, 2). (82)
where qI is a SL(3, R) Lie algebra valued 1-form
qIµ = q
a
Iµ Ja + q
ab
Iµ Tab, (83)
with q aIµa = 0, that q
ab
Iµ is trace-less in Lorentz indices. In this way,
equations (79) can be written as
D¯qI +mI (e¯ ∧ qI + qI ∧ e¯) = 0 (84)
We also mention that
tr (JaJb) = 2ηab, tr (JaTbc) = 0, tr (JaJbJc) = εabc,
tr (JaJbTcd) = −2
3
ηabηcd + 2ηa(cηd)b,
tr ([JE , JA]{JB , JF }) + tr ([JE , JB ]{JA, JF }) + tr ([JE , JF ]{JB , JA}) = 0,
(85)
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where ηab is the metric of the Minkowski space [30].
By substituting Eq.(82) into Eq.(5), we will find the metric fluctuations
about AdS3 metric g¯µν as
hIµν =
1
2
tr {e¯µqIν} = e¯µaq aIν , (86)
where we assume that tr
{
e¯[µqIν]
}
= 0. Suppose that ∇¯µ denotes co-
variant derivative with respect to the background metric g¯µν and ǫ¯µνλ =
εabce¯
a
µ e¯
b
ν e¯
c
λ , also D¯
(T )
µ denotes total derivative compatible with the back-
ground dreibein e¯ Aµ , i.e. D¯
(T )
µ e¯ν = 0
8. Therefore, we can write
ǫ¯αβν∇¯βhIµν = 1
2
ǫ¯αβνD¯
(T )
β [tr {e¯µqIν}] =
1
2
ǫ¯αβνtr
{
e¯µD¯βqIν
}
. (87)
By substituting Eq.(84) into Eq.(87) and by using the trace-less condition
h
α
I α = 0, we find the following first-order equation for hI
D[mI ]µαh αI ν = 0, (88)
where
D[mI ]µν = mIδµν + ǫ¯µβν∇¯β. (89)
In order to find the second-order equation, we apply the operator D[−mI ]
on the equation (88), that is
D[−mI ]µαD[mI ]αβh βI ν = 0. (90)
In this way, one obtains the following second-order equation
(
¯−M2I +
2
l2
)
hIµν = 0, (91)
with
M2I = m2I −
1
l2
, (92)
where we have used the transverse condition ∇¯αh αI ν = 0. It is clear that
the equation (91) is the Fierz-Pauli spin-2 field equation in AdS3 for a spin-2
field hIµν with mass MI for I = 1, 2. 9
8D¯
(T )
µ e¯ν = ∂µe¯ν + [Ω¯µ, e¯ν ]− Γ¯
λ
µν e¯λ.
9The massless graviton in three dimensions has no degrees of freedom, which is why
people call Einstein-Hilbert three dimensional gravity a topological theory. But in the
higher-derivative theories one gets in addition to the massless graviton (which is pure
gauge), several massive gravitons which all have 2 degrees of freedom each.
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Now, we substitute Eq.(82) into Eq.(6) then we obtain the spin-3 fluctua-
tions as follows:
HIµνλ =
1
2
tr {e¯µe¯νqIλ} = e¯µae¯νbq abIλ , (93)
where we assume that tr
{
e¯[µe¯νqIλ]
}
= 0. Also, it should be noted that
ϕ¯µνλ =
1
3! tr(e¯µe¯ν e¯λ) = 0. Therefore, we can write
ǫ¯αβλ∇¯βHIµνλ = 1
2
ǫ¯αβλtr
{
e¯µe¯νD¯βqIλ
}
. (94)
By substituting Eq.(84) into Eq.(94), we find the following first-order equa-
tion for HI
D˜[mI ]µαH αI νλ = 0, (95)
with
D˜[mI ]µν = 2mIδµν + ǫ¯µβν∇¯β. (96)
where we have used the trace-less condition H αI αµν = 0. Now, we apply
the operator D˜[−mI ] on the equation (95), that is
D˜[−mI ]µαD˜[mI ]αβH βI νλ = 0. (97)
Then, one obtains the following second-order equation
(
¯− M˜2I
)
HIµνλ = 0, (98)
with
M˜2I = 4M2I = 4
(
m2I −
1
l2
)
, (99)
where we have used the transverse condition ∇¯αH αI µν = 0. The equation
(98) is the spin-3 field equation in AdS3 for a spin-3 field HIµνλ with mass
M˜I . It is clear from Eq.(92) and Eq.(99) that ”no-tachyon” condition can be
written as |lmI | ≥ 1. Because the q± fields have no local degrees of freedom,
then H+µνλ and H−µνλ are not propagating modes. Thus, we have two
massive propagating modes H1µνλ and H2µνλ.
7 Example
In this section we consider the Spin-3 GMMG, then we find energy, angu-
lar momentum and entropy of a special black hole solution. In higher spin
theories the metric is gauge dependent, so may be one say that the notion
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of an event horizon for a black hole is not well defined concept [33]. How-
ever different black hole solutions in higher spin gravity have been obtained
[29, 33, 34, 35, 17, 22, 36, 18, 37, 38, 39, 30, 40, 41, 42]. In some of these
papers also different methods for deriving entropy of higher spin black holes
have been presented [29, 40, 22, 18]. In spin-3 gravity in contrast to the
ordinary gravity, where entropy of black hole is given by the area of the
horizon, since the metric is gauge dependent, this statement should be re-
placed with a gauge invariant criterion [33]. Until now there is not a general
formula for entropy of all black hole solutions in higher spin gravity models.
Also there are some discrepancy between assumptions and results of differ-
ent methods which have been presented for deriving the entropy of higher
spin black holes. Here we present a formula for obtaining entropy of higher
spin black holes.
In order to relate Chern-Simons gauge theory (1) to the first order for-
malism based on dreibein and spin-connection we introduce following two
independent connection one-form A+ and A−,
A± = ω ± 1
l
e. (100)
Now we consider following gauge connections which solve the spin-3 gravity
field equations [24, 29]
A+ = b(ρ)−1a+(x+)b(ρ) + b(ρ)−1db(ρ)
A− = b(ρ)a−(x−)b(ρ)−1 + b(ρ)db(ρ)−1,
(101)
where b(ρ) = exp (ρL0) and x
± = t/l ± φ. Also, a±(x±) are given by
a+(x+) =
(
L1 − L+(x+)L−1 −W+(x+)W−2
)
dx+
a−(x−) =
(
L−1 − L−(x−)L1 +W−(x−)W2
)
dx−.
(102)
where L±(x±) and W±(x±) are functions which transform under gauge
transformations which preserve the asymptotic conditions (see [24] for de-
tails). By substituting the gauge connections (101) into Eq.(100) we can
find the generalized dreibein as
et =
1
2
(
(eρ −L−e−ρ)L1 + (eρ − L+e−ρ)L−1 +W−e−2ρW2 −W+e−2ρW−2
)
eφ =
l
2
(
(eρ + L−e−ρ)L1 − (eρ + L+e−ρ)L−1 −W−e−2ρW2 −W+e−2ρW−2
)
eρ = lL0.
(103)
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Similarly, the space-time components of the generalized spin-connections
can be find as
ωt =
1
l2
eφ, ωρ = 0, ωφ = et. (104)
By substituting generalized dreibeins Eq.(103) into Eq.(5), the metric takes
following form
ds2 =− (L+L−e−2ρ + 4W+W−e−4ρ − L+ − L− + e2ρ) dt2
+ l2dρ2 + 2l(L+ − L−)dtdφ
+ l2
(L+L−e−2ρ + 4W+W−e−4ρ + L+ + L− + e2ρ) dφ2.
(105)
One can rewrite the above metric as the following form
ds2 = gttdt
2 + gρρdρ
2 + gφφdφ
2 + 2gtφdtdφ. (106)
We have g2tφ − gttgφφ = 0 on the Killing horizon H which leads to the
following equation
L+L−e−2ρH + 4W+W−e−4ρH + e2ρH = 2
√
L+L−. (107)
where we suppose that the Killing horizon is located at ρ = ρH . In previous
paper [16] we have shown that ρH is a real positive-definite root of Eq.(107).
However we are not sure that the metric (105) for non-zeroW± can describe
a black hole solution of higher-spin gravity. But if we extend the a±(x±)
in Eq.(102) to contain the chemical potential conjugate to the W charges,
then we have a black hole with spin-3 charge.10 Also we should note that an
important property of higher-spin gravity is that the gauge transformation
of higher-spin field act nontrivially on the metric. Due to this feature of the
theory, the event horizon of black hole become gauge dependent [31]. The
authors of [31] have discussed on the solutions of spin-3 gravity previously
introduced in [29], and have shown that those solutions describe a traversable
wormhole connecting two asymptotic region, instead a black hole. Then they
have shown that under a higher spin gauge transformation these solutions
can be transformed to describe black holes with manifestly smooth event
horizons.
The generalized off-shell ADT conserved charge of the Spin-3 GMMG can
10The classical solutions of higher spin generalization of TMG, include AdS pp-wave
(with higher spin hair), the spacelike, timelike, null warped AdS3 spacetimes and also
spacelike warped AdS3 black hole have been obtained in [41]. Also the higher spin black
holes in a truncated version of higher spin gravity in AdS3 have been studied in [42].
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be obtained as
Q˜ADT (a, δa; ξ) =tr{−
(
σiξe+
1
m2
iξf +
α
µ
iξh− 1
µ
(iξΩ− λξ)
)
δΩ
− (iξΩ− λξ)
(
σδe+
1
m2
δf +
α
µ
δh
)
+
α2
µ
iξhδh
+ (1 + ασ)(iξeδh + iξhδe) +
α
m2
(iξfδh+ iξhδf)},
(108)
when h and f is given by ansatz (62), this equation reduces to the following
Q˜ADT (a, δa; ξ) =− tr{
((
σ +
γ
m2
+
αβ
µ
)
iξe− 1
µ
(iξΩ− λξ)
)
δΩ
+
((
σ +
γ
m2
+
αβ
µ
)
(iξΩ− λξ)− 1
µl2
iξe
)
δe}.
(109)
Now, we take AdS3 spacetime as background solution, where
et =
1
2
eρ (L1 + L−1) , eφ =
l
2
eρ (L1 − L−1) , eρ = lL0
Ωt =
1
l2
eφ, Ωρ = 0, Ωφ = et
(110)
and its perturbation given by [24]
δet = −1
2
e−ρ
(
δL−L1 + δL+L−1 + e−ρδW−W2 + e−ρW+W−2
)
,
δeφ = − l
2
e−ρ
(−δL−L1 + δL+L−1 − e−ρδW−W2 + e−ρδW+W−2) ,
δeρ = 0,
(111)
Energy corresponds to the Killing vector ξ(t) = −∂t, so we have
λξ(t) − iξ(t)Ω =
1
l2
eφ. (112)
Therefore, Eq.(109) becomes
Q˜ADT (−∂t) = 2
[(
σ +
γ
m2
+
αβ
µ
)
(δL+ + δL−) + 1
µl
(δL− − δL+)
]
.
(113)
We take Σ as a circle of arbitrary radii, then by substituting Eq.(113) into
Eq.(47) we find the energy of the considered solution as
E =
1
4π
∫ 2pi
0
dφ
[(
σ +
γ
m2
+
αβ
µ
)
(L+ + L−) + 1
µl
(L− − L+)
]
. (114)
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Angular momentum corresponds to the Killing vector ξ(φ) = ∂φ then we
have
λξ(φ) − iξ(φ)Ω = et. (115)
Therefore, for this case, Eq.(109) becomes
Q˜ADT (∂φ) = 2l
[(
σ +
γ
m2
+
αβ
µ
)
(δL− − δL+) + 1
µl
(δL+ + δL−)
]
,
(116)
by substituting Eq.(116) into Eq.(47) we find the angular momentum of the
considered solution as
j =
l
4π
∫ 2pi
0
dφ
[(
σ +
γ
m2
+
αβ
µ
)
(L− − L+) + 1
µl
(L+ + L−)
]
. (117)
Now, we apply the formula (54) to calculate the entropy of the considered
black hole solution. Since the components of the flavour metric is given by
Eq.(55) and Ω = ω − αh, then
S =
∫
B
dφ√
gφφ
tr{σeφeφ + 1
m2
eφfφ − 1
µ
eφΩφ +
α
µ
eφhφ}. (118)
By substituting f and h from Eq.(62) into above equation we find that
S = 2
∫ 2pi
0
dφ√
gφφ
[(
σ +
γ
m2
+
αβ
µ
)
gφφ − 1
µ
gtφ
]
. (119)
where we used Eq.(5) in the last step of calculation. If we set e abµ = ω
ab
µ =
0, then the above formula reduces to the entropy formula in the ordinary
GMMG which is obtained in the paper [21]. One can substitutes gφφ and
gtφ from [16] then
S = 2
∫ 2pi
0
[(
σ +
γ
m2
+
αβ
µ
)
(
√
L− +
√
L+)− 1
µ
(
√
L− −
√
L+)
]
dφ.
(120)
If we set α = 0 and in the limitm2 →∞, where Spin-3 GMMG model reduce
to the spin-3 TMG model, the above equations for energy, angular momen-
tum and entropy in Eqs. (114), (117) and (120) reduce to the corresponding
results in the spin-3 TMG [16]. Also as we have shown in [16], in the lim-
iting case 1
µ
→ 0, where TMG action reduce to the Einstein-Hilbert action,
our conserved charge in this limiting case reduce to the result presented in
papers [17, 18]. This coincidence of results confirm that the quasi-local for-
malism works correctly for these types of theories.
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Now, we want to compare Eq.(120) with the obtained result for entropy of
the BTZ black hole [43] solution of ordinary MMG (see Ref.[44]). The ordi-
nary MMG can be seen as a limiting case of ordinary GMMG model. To find
corresponding results in ordinary MMG model, we must set e abµ = ω
ab
µ = 0
and m2 →∞. In this limit Eq.(64) and Eq.(65) become
Λ0 − α(1 + ασ)β2 = − σ
l2
, (121)
α2β2 + 2µ(1 + ασ)β =
1
l2
. (122)
In this case we do not consider Eq.(66) because Eq.(66) comes from the
variation of Lagrangian of spin-3 GMMG with respect to auxiliary field f
and we lose f as m2 tends to infinity (see Eq.(71)). From equations (121)
and (122), one finds
β =
1− αΛ0l2
2µl2 (1 + ασ)2
. (123)
For the BTZ black hole we have
L± =
(
r+ ± r−
2l
)2
, (124)
where r+ and r− are outer and inner horizon radiuses, respectively. By
substituting Eq.(123) and (124) into the Eq.(120) and taking m2 → ∞ we
will obtain entropy of the BTZ black hole solution of ordinary MMG which
has been calculated in [44]. The same arguments are hold for energy and
angular momentum of the BTZ black hole.
8 Conclusion
In this paper, we considered the spin-3 gravity in the first order formalism,
then we generalized that to the Spin-3 CSLTG. It should be noted that the
Spin-3 TMG [14, 15] is an example of such theories. We provided a gen-
eral formula to compute the conserved charges and the entropy for solutions
in these theories that are generalizations of the standard three-dimensional
higher spin gravity.
We found the off-shell ADT current (42) associated to a vector field ξ for
the Spin-3 CSLTG. This current is conserved when ξ is a Killing vector field.
We defined the off-shell generalized ADT current by (44), so that it becomes
conserved for an asymptotically Killing vector field as well as a Killing vec-
tor field admitted by the whole of spacetime. The generalized off-sell ADT
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current reduces to the ordinary one when ξ is a Killing vector field which
admitted by the whole of spacetime and it reduces to the simplectic current
when equations of motion and linearized equations of motion are satisfied.
We defined the generalized off-shell ADT conserved charge (46) through the
generalized off-sell ADT current. We used the generalized off-shell ADT
conserved charge in-order to define quasi-local conserved charge Eq.(48).
The obtained quasi-local conserved charge (48) is associated to an asymp-
totically Killing vector field ξ and the integration surface Σ can be choose
arbitrarily. The advantage of this formalism to find conserved charge is that
it is applicable to solutions that are not asymptotically (A)dS. In section
5, we found a general formula for entropy of black holes in the context of
Spin-3 CSLTG (54). In section 6, we considered the Spin-3 GMMG as an
example of the Spin-3 CSLTG and we have obtained a class of solutions for
that model. We have found the quadratic Lagrangian for the fluctuations
u, v, w and z. Then by introduction a transformations from (u, v, w, z)
to new Lie algebra valued one-form fluctuations (q+, q−, q1, q2), we could
obtain diagonalize form of mentioned Lagrangian. The two first terms in
the Lagrangian Eq.(80) can be written in the form of the difference of two
linearized SL(3, R) Chern-Simons 3-forms, so the q± fields have no local de-
grees of freedom for spin-2 and spin-3 fields, as we expect. Then, each of two
last terms in the Lagrangian Eq.(80) describes a single spin-2 massive mode
and a single trace-less spin-3 massive mode. So spin-3 GMMG model prop-
agate 2 massive graviton modes and 2 massive spin-3 modes. The massive
modes are not ghosts as long as B˜1 and B˜2 are both positive definite. We
have shown that the spin-2 fluctuations hIµν satisfy the Fierz-Pauli spin-2
field equation (91) in AdS3 space with massMI and, the spin-3 fluctuations
HIµνλ satisfy the spin-3 field equation (98) in AdS3 space with mass M˜I .
Also, we deduced that no-tachyon condition is |lmI | ≥ 1. Eventually, in
section 7, we obtained energy, angular momentum and entropy of a special
black hole solution in the context of the Spin-3 CSLTG.
In subsection 6.2, we analysis spin-3 fluctuation. We focused on its traceless
part. There is actually a trace part of spin-3 fluctuations. Such a problem
has been studied in the context of spin-3 TMG [15]. The Lagrangian of
spin-3 GMMG will reduce to spin-3 TMG one when we set m2 → ∞ and
α = 0. In that case the quadratic Lagrangian for the fluctuations (80) just
contains one massive mode Lagrangian (i.e. in the spin-3 TMG limit, one of
the coefficients B˜1 or B˜2 will vanish.). In the spin-3 TMG model, massive
trace mode has zero energy and becomes pure gauge at the chiral point. In
a similar way, in the context of spin-3 GMMG, we expect that massive trace
modes become pure gauges at the chiral point σ + αβ
µ
+ γ
m2
= 1
µl
when two
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operators D[m1] and D[m2] are degenerate (namely, whenm1 = m2). There-
fore, our conclusions are unaffected for chiral spin-3 GMMG with m1 = m2.
It would be interesting to study a Hamiltonian analysis of Spin-3 CSLTG
as the authors of [12] have done for ordinary CSLTG. For example a Hamil-
tonian analysis show that the GMMG model has no Boulware-Deser ghosts
and this model propagate only two physical modes [11]. GMMG also avoids
the aforementioned “bulk-boundary unitarity clash”. So it is a semi-classical
quantum gravity model in 2+1 dimension which in both bulk and boundary
is unitary. Therefore it is clear that study of Spin-3 GMMG following what
have done in the papers [11, 14, 15] is interesting request. We let this study
for future work.
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A SL(3,R) generators
We use the following basis of SL(3,R) generators [24, 29]
L1 =

 0 0 01 0 0
0 1 0

 L0 =

 1 0 00 0 0
0 0 −1

 L−1 =

 0 −2 00 0 −2
0 0 0


W2 =

 0 0 00 0 0
2 0 0

 W1 =

 0 0 01 0 0
0 −1 0

 W0 = 2
3

 1 0 00 −2 0
0 0 1


W−1 =

 0 −2 00 0 2
0 0 0

 W−2 =

 0 0 80 0 0
0 0 0

 .
(125)
In other words, we take JA = {L0, L±1,W0,W±1,W±2}.The generators obey
the following commutation relations
[Li, Lj ] = (i− j)Li+j
[Li,Wm] = (2i−m)Wi+m
[Wm,Wn] = −1
3
(m− n)(2m2 + 2n2 −mn− 8)Lm+n.
(126)
26
where −1 ≤ i, j ≤ 1 and −2 ≤ m,n ≤ 2. Also, the non-zero traces are
tr(L0L0) = 2, tr(L1L−1) = −4
tr(W0W0) =
8
3
, tr(W1W−1) = −4, tr(W2W−2) = 16.
(127)
The Killing form in the fundamental representation of sl(3,R) is defined as
KAB =
1
2
tr(JAJB), (128)
and anti-symmetric and symmetric structure constants of the Lie algebra
are given by
fABC =
1
2
tr([JA, JB ]JC), dABC =
1
2
tr({JA, JB}JC). (129)
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